We prove the periodicity of all H 2 -local minimizers with low energy for a one-dimensional higher order variational problem. The results extend and complement an earlier work of Stefan Müller which concerns the structure of global minimizer. The energy functional studied in this work is motivated by the investigation of coherent solid phase transformations and the competition between the effects from regularization and formation of small scale structures. With a special choice of a bilinear double well potential function, we make use of explicit solution formulas to analyze the intricate interactions between the phase boundaries. Our analysis can provide insights for tackling the problem with general potential functions.
Introduction and statements of theorems
In this paper, we study the structure of H 2 -local minimizers for the following functional:
where W is some double-well potential function usually taken to be W (p) = (p 2 − 1) 2 . In order to facilitate the use of explicit solution formulas, in the present paper, we consider the special form of W (p) = (|p| − 1) 
The following are our main results. .) The notions of stationary points, their stability and relationship to local minimizers of E will be given in Section 2. All of the above results can be extended in a natural way to the Dirichlet {u(0) = u(1) = 0} and periodic {u(0) = u (1) ; u x (0) = u x (1)} boundary conditions.
Our results in essence establish the fact that if u is a stationary point of E(·) of low enough energy, then it is stable if and only if it is periodic. Theorem 1.3 states that we have captured the correct range of the energy values in terms of the stability properties of periodic structures. Our work hence extends and complements the following theorem of S. Müller which studies the structure of global minimizer for the functional (1) in the case of W (p) = (p 2 − 1) 2 . Let A 0 = 2
2 (p) dp. Theorem 1.4 [12] . There exists an * > 0 such that for 0 < < * , if u is a global minimizer of E(·) in the class of periodic functions: The motivations for the investigation of (1) are twofold. One comes from the study of coherent solid-solid transformations which very often give rise to some fine scale mixtures of different phases with characteristic length scales. The formulation of energy minimization in the modeling of these transformations can be found in [3, 4, 8] . In the one-dimensional setting, the phenomenology of the formation of mixtures of different phases can be captured to sufficient degree by (1) and related functionals. It is the combination of the strain energy W (u x ) which favors u x to be 1 or −1 and the elastic foundation term u 2 that leads to the formation of fine scale structures. However, definite length scales are determined by the incorporation of the strain gradient or surface energy term 2 u 2 xx . We refer to [16] for a more detail account of (1) . The works [13] [14] [15] also consider some nonlocal versions of u 2 . A two-dimensional model can be found in [9, 10] . The second motivation is that (1) can be viewed as a regularization of some functional which is not lowersemicontinuous. For example, the following functional E 0 (u) = 
where A 0 = 2
W (p) dp, or even more explicitly, by 
with u subjected to the same constraint. Assuming the validity of such an approximation, the minimizer u of (1) can then be approximated by the minimizer of E 1 * or E 2 * . From this we infer that there is a collection of roughly equidistant points {c i }'s at which u x changes between 1 and −1. In between these points, |u x | stays very close to 1 so that u is very much like a sawtooth function. We call the transition of u x between 1 and −1 an interface and the region between any two interfaces a phase segment or simply a segment. See the following Another interesting feature of the functional (1) is the competition between multiple -two -length scales. One is , the interfacial width and the other is l, the length of the segment. The result of this competition is that l = O( 1 3 ) for the global minimizer of (1). Rigorous justification of the relationship between E, E 1 * and E 2 * falls in the regime of Γ-convergence of functionals. We refer to [2, 12] for a discussion of this approach for the present problem. [14] also uses this method to study (1) but with u 2 replaced by u 2 in which case, l = O(1) and hence there is only one small length scale left in the problem.
In order to study dynamic problems such as gradient flows, the classification of critical points is also important as the ultimate observed patterns of the phase transformations are consequences of both energetic and kinetic effects. Our results state that (1) has many critical points but those having low enough energy and stability property are in fact periodic. Hence a time dependent solution can very likely fall into the basins of attraction of these local minimizers and stay there indefinitely. We refer to [1] for some experimental investigations of such phenomena which is relevant to the current functional.
There are relatively few methods that can be used to describe the structure of critical points compared with those that can prove the existence of them. In addition, as (1) is a higher order variational problem, the usual techniques for second order equations are not easily at our disposal. Even though it is plausible to use the approach of Γ-convergence to deduce that there exist local-minimizers which are nearly periodic (see [11] for a general framework), to conclude other statements such as the existence and characterization of other types of local minimizers or critical points, more precise estimates are needed.
Our approach, originated in [12] , resembles that of asymptotic expansion. Theorem 1.1 is proved by following quite closely the approach of [12] , Theorem 5.1. However, the proof of Theorem 1.2 is much more delicate. It requires careful analysis of the interactions between the interfaces. Our method can potentially be used to find all critical points which do not fall easily in the regime of Γ-convergence.
Our analysis is made possible by the special choice of W . It allows the use of explicit solution formulas. Such a choice is also used in [16, 17] in which detailed analysis is performed for the case when the number of interfaces is small. We believe that our results can provide useful insights to tackle the case of general W 's in terms of what types of quantities and estimates to be looked upon.
It is instructive to compare (1) with the following Allen-Cahn functional:
for which all the critical points are periodic and unstable except the global minimizer which has only one interface where v changes between 1 and −1 [6] . This model thus cannot capture any fine scale structures. Furthermore, the time dependent problem for the above functional demonstrates the existence of metastable states -interfaces move with exponentially small speeds [5, 7] . This is due to the fact that each pair of adjacent interfaces gives rise to an exponentially small eigenvalue. However, for (1), we are dealing with algebraically small eigenvalue.
Outline of Proof
Using the analysis of [12] , we can easily deduce that any critical point u of E with low enough energy has a sawtooth shape so that |u x | ≈ 1 away from the zeros of u x or the interfacial regions. This is seen by considering the Euler-Lagrange equation of (1) which for smooth W reads:
If the distance between the interfaces are long, then the behavior of u can be described by
u xx for x near the interface and by
u xx = u for x far away from the interface. From these observations, sharp estimates can be deduced. Theorem 1.1 is proved by showing that the minimum energy E(l) of a monotonic function u over a segment of length l is a convex function of l. This is very similar to the approach of [12] , Theorem 5.1. Figure 2 . An example of a variation for a pattern with a short segment adjacent to a long segment.
However, in order to deduce the periodicity of stable patterns, we need to consider the possibility of short segments. In this case, the above separation of scales is not quite useful. We need much more precise information about the interactions between the interfaces. The core idea of this paper is to capture these interactions by means of a propagation map which relates the behaviors of u at both ends of an segment. With this map, we can find out the relationship between the lengths of adjacent segments.
As an illustrative example, consider the configuration of u and u x as in Figure 2 . In this example, the lengths of |AB| and |BC| differ substantially from each other. We now vary u by moving the interfaces at A and B. The second variation of E at u is found to be:
In order to determine the sign of the second variation, we need to analyze the relationship between |BC| and |AB|. This procedure falls into an unfortunately large number of cases which we will check one by one. From this analysis, we conclude that each short segment leads to an unstable eigen-mode and hence in order for u to be a stable critical point, it can only have long segments. Then a reasoning using first variation shows that u must be nearly periodic. A final step using an implicit function theorem type argument concludes the periodicity of u. The outline of the paper is as follows. Section 2 gives the definitions of critical points of E, their (in-)stability, and some preliminary estimates. Section 3 introduces the propagation map which will be used throughout the paper. The proofs of the main theorems will be given in Sections 4-6. The Appendix states some regularity property of the critical points of E and also provides some explicit examples of unstable solutions.
Euler-Lagrange equation
The Euler-Lagrange equation for the functional E is formally given by
or, in the integrated form:
Note that there is an ambiguity about the meaning of W (0) which occurs at the points where u x = 0. From Theorem A.2, it is sufficient to consider those solutions u with only a finite number of zeros for u x so that u is piecewise monotone. In this way, the ambiguity of W (0) can be handled by imposing appropriate jump conditions for u. However, we do not a priori limit the number of the zeros. The necessary formulation for the solutions of (9) will be given next. 
) and the sign of u x alternates between adjacent segments, i.e. u x changes sign across the c i 's; 2. the zeros of u x are isolated. In particular, u x is not identically zero in any interval.
Remark.
A priori, there can be two kinds of zeros for u x . One is the sign-changing zero c i which indicates the location of the interface. The other is the interior zero which lies in between any two adjacent c i 's. The sign of u x does not change across these zeros. We are mainly concerned with the sign-changing zeros while the interior zeros can be shown not to occur for local minimizers or any stationary point of E with low energy.
In the following, the notation [f ](x) refers to f (
Definition 2.2.
A function u ∈ Z is called a solution of (9) if the following hold for all i:
In (13), the symbol 2sgn
In (14), sgn * (u xx (0)) and sgn * (u xx (1)) refer to sgn(u x (0 + )) and −sgn(u x (1 − )) respectively.
Remark. Since u satisfies (11) in (c i , c i+1 ), it is analytic. In addition, as u x is assumed not to be identically zero, the zeros of u x inside each segment are automatically isolated and also do not cluster at the c i 's. Hence the quantities sgn(u x (c ± i ))'s are well defined. In fact, the following proposition states that we can replace the sgn * by the usual sgn.
Proposition 2.3.
If u ∈ Z and satisfies (13) and (14) , then
Proof. 
In particular, u ∈ Z is a solution (in the sense of Def.
2.2) if and only if
(In essence, the c i (t)'s are the sign-changing zeros of u x + tϕ x .) 3. Suppose u xx (c i ) = 0 (which holds when u is a solution) and u x = 0 for x ∈ (c i , c i+1 ), i.e. u x has no interior zeros, then the second variation of E(u) with respect to ϕ, defined as
Remark. In general, if u x has interior zeros,
. But by Theorem A.2(3) and estimate (32) in Proposition 2.7 (presented later), this will not be an issue in our work. Again, if u is a solution, the fact that u xx (c i ) = 0 follows from Proposition 2.3.
Proof of (15) . To prove (15), we compute
The last term of the above equals
As u x is assumed to have isolated zeros, we can ignore the second integral of (18) . To simplify the first integral, note that |a + tb| − |a| t ≤ |b| for all a, b, t and lim
By the Lebesgue Dominated Convergence Theorem, we have
The above steps thus lead to
Performing integration by parts twice on each segment (c i , c i+1 ) and using the facts that
It is then easy to infer the equivalence of u being a solution in the sense of Definition 2.2 and the vanishing of its first variation for all ϕ ∈ V ∞ .
Proof of (16) . It follows from elementary computations. Since u x and ϕ x are both C 1 functions and u xx (c i ) = 0, we can use the implicit function to show the existence of
which leads to (16) .
Proof of (17) . We start from the first variation,
The condition of no interior zeros for u x is to ensure that for t small enough, there is no new zeros for u x + tϕ x other than the sign-changing ones, c i (t)'s. Now (17) follows by differentiating (21):
and then utilizing (16) .
With the above definition of solutions, we have the next two useful formula: 1. the integrated version of (11):
2. multiplying the previous equation by u xx and integrating from c
(23) We are now ready to introduce the notion of stability and instability used in the statements of our main theorems. For all u ∈ Z, such that u xx (c i ) = 0, we make the following definitions:
and
exists and equals to 0.
Remark. This paper will only consider the critical points of E in the function space Z and their stability properties. The reason why this is sufficient will be explained by the regularity results in Theorem A.2 which also gives the relation between the above definition of stability and the notion of H 2 -local minimizers.
Next, we prove some preliminary estimates for any stationary point of the functional (1) having small enough energy. The results are crude but important to prepare for our proof later. They are similar to the results of [12] , Section 2, and the proof will hence be omitted (or see [18] ). Proposition 2.7. Let u ∈ Z be a solution of (9) and E be the energy of u: 
for all i.
since from (32), there must be a pointx
Propagation map for Euler-Lagrange equation
Here we introduce the propagation map which relates the boundary values at the end points of a segment over which the solution u is monotone. Precisely, we consider the following boundary value problem: 
(See Fig. 3 on the left.)
The existence of a unique solution to the above problem is proved in Proposition 3.3. In the actual application of the result, the segment (0, l) will be one of the (c i , c i+1 )'s. As we are interested in the case of → 0 and E(u) 1, by Proposition 2.7, we only need to consider the regime of l, R, R = o(1) and P, P , Q, Q = 1 + o(1). Our goal is to compute the following propagation map as a function of l and :
This requires solving (34). Its characteristic polynomial is 2 r 4 − r 2 + 1 = 0 which has four roots ±Λ and ±λ:
The solution u of (34) is given by:
where A, B, C, D satisfy:
The exact solutions and asymptotic approximations for these constants are:
Now, if u x (l) = 0, we have:
Then the solution form (35) for u becomes:
which leads to the following expressions:
Similar results can also be derived for the case u x < 0. Then we would write
so that P, P , Q, Q are all positive numbers. The following classification of segments is crucial to our approach.
By means of (37), we now expand the formulas (39) so as to relate (R , P , Q ) to (R, P, Q). The results are grouped into four categories. 
Long negative segment. If u x < 0 and 10 |ln | ≤ l = L ≤ l * , then
Short positive segment. If u x > 0 and l ≤ 10 |ln |, then
Short negative segment. If u x < 0 and l ≤ 10 |ln |, then
We make the following remarks about the above expansions:
3. e −Λl = ν 2 + o(ν 2 ); 4. the expressions (41), (46), (51), and (56) come directly from (39) and are consistent with the formulas for R , P , and Q (such as (42), (43), (44) and so forth); 5. not all the terms are relevant in the actual analysis. In fact, we just need to keep the terms of order up to L 2 , l 2 , and ν 2 .
As a first application of the above solution formula, we have the following existence and uniqueness result for the solution of the initial-final value problem (34). Hence the functions P (x, l)'s are well defined in (2) . The proof is elementary [18] . 
Before leaving this section, we introduce some notations to be used in all of the following analysis and figures. The function u always refers to a function from Z which solves (9) (c i , c i+1 ) . With this notation, we then have
Proof of Theorem 1.1
In this section, we will prove the stability of periodic structures with long periods. The approach is similar to [12] , page 199, and hence we will just outline the steps and state the key estimates.
By approximation, we can assume that ϕ is C ∞ . In this case, we have the expression (17) for the second variation of E with respect to ϕ. In addition, the zeros {c i (t)}
We first present the following result which essentially establishes the convexity property for the minimum energy value in a unit cell. Proposition 4.1. Let P (x, l) be defined as in (2) and
for some constant C,
This proposition is basically the same as [12] , Theorems 4.2(i), 5.1. In the current work, the proof can be carried out in a more elementary way due to the presence of explicit solution formulas [18] . Now Theorem 1.1 follows easily as shown below. For small enough t,
As E(u) = i E(l i (0)), the above leads to
where the constant M can be chosen to be close to 1 2 (independent of and l). The desired result follows by using the facts thatl i (0) =ċ i+1 (0) −ċ i (0) and also (16).
Proof of Theorem 1.2
The essence of the proof is to analyze the patterns consisting of both long and short segments and show that they have negative second variations. This is achieved by careful consideration of the interactions and matchings between long and short segments. We rely heavily on the formulas derived in Section 3.
To prepare for the proof, we first show that there must be at least one segment of length longer than 5L whereL = 10 |ln | is the length of a long segment (see Def. is not yet known to be short according to Def. 3.1.) If the initial long segment (c i , c i+1 ) is at the boundary, we can reflect the function u across the boundary point (which is admissible due to the boundary conditions). Now the segment will have at least one long segments as a neighbor. Hence only the cases 2 or 3 above will arise.
In view of the above discussion, if u has both long and short segments, then it must contain a pattern of SLL, LLS or SLS. Hence Theorem 1.2 will be proved once we establish the following claims: Claim I. If u has a chain of adjacent long segments, then a sub-chain of them must have roughly the same length. Claim II. If u contains any of the patterns LLS, SLL or SLS, then it is unstable. Claim III. If u is a (nearly periodic) pattern with low enough energy with only long segments, then it is actually periodic.
We now proceed to prove the claims. Their precise statements will be given along the proof.
Proof of Claim I Lemma If both (c i−1 , c i ) and (c i , c i+1 ) are long segments, then
Proof. Consider the point c i . By (41) and (45), we have
.
. This, together with the continuity condition (13) -Q i−1 + Q i = 2 -gives the desired statement. 
Proof. First, by the previous lemma, we have
, n. Then (44) and (49) lead to
Hence we must have |R i | O( ) for the same range of the i's. Next, by setting x = c i+1 into (23), we obtain
Upon summing over the i's, it holds that
By restricting m + 1 ≤ i, j ≤ n, we can again invoke Lemma 5.1 which together with (40), (41), (45) and (46) gives
To conclude (66), we can just take L to be any of the 2(|R i | + )'s. Statement (67) would also follow from (68) which now says
The following corollary is interesting in its own right even though it is not used in the later parts of our proof. It demonstrates that just the consideration of the first variation can already lead to some strong conclusion.
Corollary 5.3 (nearly periodic structures). If u ∈ Z has only long segments, then it is nearly periodic in the sense that there exists R and L such that (66) and (67) hold for all
Proof. We can extend the conclusion to the boundary segments because it automatically holds that
2 ) at the boundary points. This is what is actually needed in the proof. We will produce test function ϕ's such that ∂ 2 E(u, ϕ) < 0 for the above patterns. They are constructed by moving the interfaces and are given precisely in the next section.
Proof of Claim II

Construction of test functions
Consider the following second order (Allen-Cahn) equation:
The solution, considered as a function of x and l, is given by:
-note that 2l is the length of the segment. Associated with the above function are the following quantities:
which will be used to compute the second variations.
Making use of the above U x (x, l), we introduce two types of test functions which mimic the movements of the interfaces (Figs. 6 and 7) : Figure 6 . Type one variation.
Then F satisfies the following estimates: Figure 7 . Type two variation.
Similarly, G satisfies:
A bit of motivation for the following analysis is in place. From (69) and (71), the negativity of the second variations comes from −ν 2 . So our goal is to characterize ν 2 as accurately as possible. It turns out that if a short segment is adjacent to a long segment, then its length cannot be arbitrary. This is due to some intricate interactions between the long and short segments. We will use the results of Proposition 3.2 to provide some lower bounds for the values of ν 2 . It is unfortunate that the present approach requires the consideration of a large number of cases.
We now proceed to analyze the patterns LLS and SLS.
Instability of LLS
We refer to Figure 4 . Consider the point A. By (40) and (65), we have
Using (43) and (44) for the propagation map (R 0 , P 0 , Q 0 ) −→ L (R 0 , P 0 , Q 0 ), at B, we have
Next consider the triples (R 0 , P 0 , Q 0 ) and (R 1 , P 1 , Q 1 ) associated with the point B. Let ν
By (41) and (55), the following hold:
which together with P 0 = P 1 and Q 0 + Q 1 = 2 lead to
By substituting (79) into (77) and comparing (78) and (75), we have
We now consider the following three subcases..
Case of LLS
L. By (81), this assumption leads to
Now vary the pattern by moving the interfaces at A and B as shown in Figure 8 .
This corresponds to the test function:
(see the remark at the end of this case.) Now the quantity D(u, Ψ) equals:
where in the above computation, we have used (73) and (80). By the lower bound (82) for ν 2 and the fact that
proving that the pattern LLS 1 is unstable.
Remark about the test function Ψ (83).
1. The extra multiplicative factor for F x in the segment of (B, C) is to make Ψ x continuous with a common value of 1 at A and B. In this way, the continuity of Ψ holds up to error terms consisting of e − L which are transcendentally small compared with ν 2 and hence can be ignored. 2. By (70), Ψ(B) − Ψ(C) = 1 − O(ν 2 ) = 1, so an extra piece of perturbation needs to be added to Ψ x in order to make Ψ(E) = 0 and Ψ(C) = 0. This can be done by choosing an appropriate function g x (x) satisfying:
Note that Ψ x ∞ is transcendentally small near the center region of the long segment (A, B) , the error introduced by g x can be bounded by:
Compared with the expression (84) for D(u, Ψ), the above is within the range of acceptable error for our analysis. Hence we can in effect ignore g x .
We will not repeat the above remarks for the remaining analysis.
Case of LLS
. (The reason for introducing this and the following cases is that we might not have (82) -this can actually happen (see Sect. B). Thus we cannot directly deduce the same negativity for D(u, Ψ) as in (85). To tackle this, we further consider the pattern to the right of LLS.)
First, just the assumption on R 0 and the fact that l ≤ L 2 imply:
Consider the point C. In view of (59) and (79), it holds that:
Since Q 1 = 2 − Q 2 which equals 1 + O( 2 ) by the assumption of this case, the above leads to the following lower bound:
Now using the same test function (83) and reasoning as in LLS 1 , we have:
Thus it holds that
so that this case is also unstable.
Case of LLSS. Assume
and there is a short segment (C, D) to the right of (B, C). The configurations of u and u x are shown in Figure 9 . Figure 9 . Variation of pattern LLSS.
Consider the point C again. Using the (58) and (79) associated with the propagation map from B to C, we have
In addition, applying the map from C to D and by (50), we have:
Comparing (89) and (90) and using (87) and Q 1 + Q 2 = 2 give:
which lead to
Now vary the pattern by moving the interfaces at B and C as shown in Figure 9 . The test function Ψ used is thus:
x ∈ (A, B)
x ∈ (B, C)
In this case,
In view of (86), (92) and the fact that
. For Ψ, it is approximately equal to 0 in the segments (A, B) ∪ (C, D) and 1 in the segment (B, C) . In this case, at the point C, by (40), we have
. In view of (89), (91) and (86), the following holds:
Using the same test function as in LLS 1 also concludes that this pattern has a negative second variation.
Thus all the examples of the category LLS are unstable.
Instability of SLS
We refer to (55), (58) and (59) lead to
. Their comparison gives
Similarly
Using the map (R 2 , P 2 , Q 2 ) −→ l (R 2 , P 2 , Q 2 ), we have:
Without loss of generality, we can assume R 2 > L 3 . In addition, by the hypothesis of this case -l ≤ L 2 , we have the following estimate:
Now we divide this category into the following two cases each of which will be shown to have negative second variations.
Case of SLSS.
Assume that there is a short segment (C, D) to the right of (B, C). Figure 11 shows the configuration of u x . Figure 11 . Variation of pattern SLSS -the first case.
Let k = |CD| ≤ 10 |ln | and δ
Consider the point C. Using (50), we have:
Since P 2 = P 3 and Q 3 + Q 2 = 2, (99) gives:
Consider the following test function Ψ which mimics the movement of interfaces at B and C:
Then D(u, Ψ) equals:
Hence, by (101), (102) and the fact that
, then we move the interfaces at A and B as shown in Figure 12 : Figure 12 . Variation of pattern SLSS -the second case.
The corresponding test function is:
Similarly we have:
The assumption on o(ν 2 ) now gives:
Case of SLSL. Assume that there is a long segment (C, D) to the right of (B, C). In this case, we have P 3 = Q 3 + R 3 . Combining the fact Q 2 + Q 3 = 2 together with (99) and (100) gives
. and we can then use the same Ψ as in (105) to deduce that the second variation is negative.
Hence, we have also shown that all the cases of SLS are unstable. Claim II is thus proved.
Proof of Claim III
In this section, we assume that u is a solution of (9) with only long segments. We will prove that l i = l i+1 for all i and hence u is periodic by Proposition 3.3. The approach taken here resembles the use of implicit function theorem. We will exploit again the solution formula given by the propagation map defined in Section 3. We use the same notation as in that section.
Consider the boundary value problem as stated in Proposition 3.3. Given Q, Q , using (35), a solution similar to (36) is given as follows:
,
Then we can express the solution as follows:
λ(e λl − e −λl )
(e λl − e −λl ) · Similar expressions hold if u x < 0 for x ∈ (0, l) (by changing Q and Q to −Q and −Q ). The above results are now applied to the solution u. Let R
Λ(e Λli − e −Λli ) + 2Q
and − Λ 2Q
For convenience, we introduce the following notations:
1 − e −2Λl and σ =
As Q 
(In the above definitions of A(l) and D(l), we set δ 0 = δ N = 0.) The expressions (108) and (109) can now be concisely written as
The above leads to 2(I + D(l))a = e(l) and A(l)a = b(l). Hence
Component-wise, the above is equal to, for i = 1, 2, . . . N − 1:
1 + e −Λl k+1 · Consider the following function and its derivative
Note that
. 
Proof of Theorem 1.3
The theorem follows easily by the formulas and approach we have been using. Let l = K |ln | for some K, N = 
B. Explicit examples
In this section, we provide some simple explicit examples of unstable solutions of (9) to illustrate that the various cases considered in the proof of Theorem 1.2 can actually occur.
We will find 4L-periodic functions which solves the following unit cell problem (Fig. 14) : The above correspond to the following system of equations:
ΛA 
We will use the above to determine the value(s) of l.
To simplify the following computations, we will assume that L = K |ln | for some sufficiently large K. Note that (120) has the trivial solution l = L 3 which corresponds to the 4L 3 -periodic solution. We look for two additional solutions. (By Claim III of the proof of Th. 1.2, these are the only three solutions.)
1. l = h |ln | for some h < The above has a solution for l satisfying:
which belong to the case of LLS 1 -see (82). The graph of u is shown in Figure 15 . 2. y = L − l = h |ln | for some h < By using the above approach together with some perturbation argument, it seems possible to construct other non-periodic unstable solutions. It is certainly interesting to characterize the structure of all critical points.
